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Abstract: Malaria and typhoid fever are infectious and communicable diseases. Malaria remains one of the largest killer
diseases in the world caused by one or more species of plasmodium parasites. Typhoid fever, also known as enteric fever, is a
systemic bacterial infection disease caused by a highly virulent and invasive Salmonella enterica serovar Typhi (S. Typhi).
Malaria and typhoid fever co-infection is the most endemic disease and a major public health problem in many tropical
developing countries. Both diseases share similar transmission factor and often have the similar symptom. Because of the high
prevalence of malaria and typhoid fever in these developing countries, co-infections are common. In addition to true co-
infection of malaria and typhoid fever, the major challenges on managing controlling these diseases are false diagnoses due to
similar signs and symptoms and false positive results in testing methods. In this study, we have formulated a mathematical
model based on a system of non-linear first order ordinary differential equations to study the dynamics of the co-infection
dynamics of plasmodium vivax- typhoid fever and plasmodium falciparum -typhoid fever. We have proved the existence of the
disease free and endemic equilibrium points of the model and we used a non-linear stability analysis method to prove the local
and global stabilities of these equilibrium points. Further, the positivity and boundedness of the solution of the model
developed is verified to discover that the model equation is mathematically and epidemiologically well posed. We obtained the
basic reproduction number R, for the co-infection dynamics of plasmodium vivax, plasmodium falciparum and typhoid fever
diseases in terms of the three basic reproduction numbers of the separate diseases using the standard data obtained from
different sources. The separate diseases disappear from the community whenever the reproduction number Ry is very small and
less than unity. On the other hand, the diseases co-exist whenever their reproduction numbers exceed unity (regardless which
of the numbers is larger). The sensitivity analysis is discussed in detail to identify the most influential parameters that enhance
the co-infection of malaria and typhoid fever disease in a given population. Numerical simulation is also done to illustrate the
influence of different parameters on the basic reproduction number.
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which struck the city of Athens in 430-426 B.C.E. The most
precise description of that plague was provided by the
scientific historian Thucydides (460-400 B.C.E.) in his
History of the Peloponnesian War. This indicates that one of
the most well documented epidemics that devastated Europe
was the Black Death [16]. The burden of infectious diseases
goes beyond the individual but extends to collectives
including families, communities, countries and the whole
world [14]. The emergence and re-emergence of infectious

1. Introduction

An infectious disease is a clinically evident illness
resulting from the presence of a pathogenic microbial agent.
The microbial agent causing the disease can be bacterial,
viral, fungal, parasitic, or it can be toxic proteins, called
prions. Thus, an infectious disease is one that can be spread
or transmitted from one host to another. The first significant
epidemic described by historians was the plague of Athens,
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diseases have become a significant worldwide problem.
Infectious diseases can spread in various ways and pathogens
cause infections by different modes of transmission. Some
infections may take place through a direct contact while other
may be caused through indirect contacts. Transmission can
also be made through carriers or vectors [29].

Typhoid fever is an infectious disease. Typhoid fever, also
known as enteric fever, is a systemic infection by Salmonella
typhi or by the related but less virulent Salmonella paratyphi
(S.paratyphi A, S.paratyphi B, S.paratyphi C and S.paratyphi
D). Archeologists have found Salmonella typhi in Athenian
mass graves from the era of the Peloponnesian Wars,
implicating it as the cause of the Great Plague of Athens [31,
35]. Typhoid fever is endemic in many parts of the
developing world and found only in human beings [7, 22, 24,
27]. Typhoid fever signs and symptoms vary widely and are
very much similar to the symptoms of other microbial
infections. Some of the common typhoid fever symptoms are
variable degrees of high grade fever in about 75% of cases,
muscle pains and body aches, chills, poor appetite, severe
headaches, vomiting, nose bleeds, pain in the abdomen in 20
to 40% of cases, dizziness, rose spots (rashes) over the skin,
weakness and fatigue, constipation or diarrhea, sore throat
and a cough [9, 22, 27, 31]. An ongoing report on worldwide
weight of typhoid fever announced 27 million diseases and
200,000 to 600,000 passing every year because of typhoid
fever [23]. On the other hand, it is also estimated that the
worldwide incidence of typhoid fever exceeds 50 million
cases per year, with more than 600,000 deaths occurring
annually [35].

Malaria is an infectious disease. The term “Malaria”
originated from medieval Italian; “mal” and “aria” meaning
“bad air”. The disease was formally called “ague” or “marsh
fever” due to its association with swamps and marsh land
[38]. Malaria is a protozoan disease and is one of the febrile
illness and the most common fatal disease in the world
caused by one or more species of plasmodium. These are
plasmodium falciparum, plasmodium Vivax, plasmodium
Ovale, plasmodium Malariae, and plasmodium Knowlesi.
Most deaths are caused by P. falciparum because others
generally cause a milder form of malaria. Recent evidence
suggests that P. vivax malaria is also potentially life
threatening disease. The biology of the five species of
Plasmodium is generally similar and consists of two distinct
phases: a sexual stage at the mosquito host and an asexual
stage at the human host. The disease is transmitted by the
biting of Female Anopheles Mosquitoes, and the symptoms
usually begin ten to fifteen days after being bitten. A single
bite by a malaria-carrying mosquito can lead to extreme
sickness or death. Malaria starts with an extreme cold,
followed by high fever and severe sweating. These symptoms
can be accompanied by fever, joint pains, abdominal pains,
headaches, vomiting, lassitude, occasional nausea, diarrhea
and extreme fatigue. For severe and complicated malaria,
symptoms such as yellow skin, seizures, splenomegaly,
anemia, cerebral malaria, respiratory distress syndrome,
acute renal failure, and in particular, convulsions, coma or

death may arise [4, 10, 26, 33, 39].

Plasmodium falciparum and Plasmodium vivax are the
major documented malaria parasite species, Wwith
approximately 1.2 million P. falciparum cases and 678,000 P.
vivax cases reported in 2015 [3]. In Ethiopia, plasmodium
falciparum and plasmodium vivax are the two predominant
plasmodium species distributed all over the country
accounting for 60% and 40% of malaria cases respectively [5,
32]. In sub-Saharan Africa, the pattern of malaria
transmission varies markedly from region to region,
depending on climate and biogeography and broad ecological
categories [32]. Plasmodium falciparum, which is the most
prevalent, deadliest and predominant in sub-Saharan Africa,
is the major cause of malaria infections [4, 15, 32, 33, 38]
and Anopheles gambiae is the primary vector for its
transmission [38]. In 2016 there were 216 million cases of
malaria worldwide resulting in an estimated 731 thousand
deaths. Approximately 90% of both cases and deaths
occurred in Africa [13].

An association between malaria and typhoid fever
(malaria—typhoid co-infection) was first described in the
Medical Literature in the middle of the 19" century and was
named typhoid-malarial fever by the United State Army
Doctor Joseph J. Woodward (1833 — 1884) in 1862. Typhoid
-malaria fever was found among young soldiers during the
American Civil War who were suffering from febrile illness
that seemed to be typhoid rather than a new species of
disease. However, in the end of 19™ century the developed
laboratory test rejects this theory, because they found that it
was either one thing or other or in rare instance it is co-
infection with both Salmonella typhi and the Plasmodium
species. Although malaria and typhoid are caused by two
different organisms in which one is protozoan and the other
is gram negative bacilli, and which are transmitted by two
different mechanisms, both diseases share similar
symptomology. Also both diseases share social circumstances
which are important for their transmission. The People living
in the area which are endemic for both typhoid and malaria
are at risk of getting disease either concurrently or acute
infection superimpose the chronic one [24, 26, 28, 37]. The
co-infection of malaria parasite and Salmonella species is
common, especially in the tropics where malaria is endemic.
Hence, some people treat malaria and typhoid concurrently
once they have high antibody titre for Salmonella serotypes,
even without adequate laboratory diagnoses for malaria and
vice versa [19]. Co-infection of malaria and typhoid can
result in serious complications and conditions such as
maternal anemia, fever, fetal anemia, abortion, still-birth and
even death of the child or mother before birth or soon after
delivery. Co-infection of malaria and typhoid fever leads to
chronic anemia and placental malaria infection, reducing the
birth weight and increasing the risk of neonatal death [25]. It
is known that anemia occurs in malaria infected individuals
resulting in excessive deposition of iron in the liver, which
supports the growth of salmonella bacteria that causes
typhoid fever [21, 30].

In 2017 Stephen Edward and Nkuba Nyerere [6] studied
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the transmission dynamics of typhoid fever with education,
vaccination and treatment as control strategies in Tanzania. In
their study results, they also emphasized that the education
sector, sanitation sector, water supply organizations and
health sector should work together to eradicate typhoid fever.
Also, in 2017 [7] the researcher Stephen Edward studied the
direct and indirect transmission dynamics of typhoid fever
that incorporates person-to-person contact rate and person-
environment. He concluded that typhoid fever is largely
contracted from environmental bacteria and vaccination,
therapeutic treatment and water sanitation play pivotal role in
diminishing the outbreak. Limenih Habte et al [8], Aschalew
Alelign et al [2], Ashenafi Assefa et al [3] and Hiwot S
Taffese et al [34] studied the prevalence, burden,
epidemiology, prevention, controlling techniques, spatial
distribution and interventions of malaria in Ethiopia. Steady
Mushayabasa et al [19] formulated and analyzed a
deterministic dynamical model on the transmission dynamics
of the co-infection of Typhoid Fever and Malaria in
Zimbabwe and their study suggested that a typhoid fever
outbreak in malaria endemic settings may lead to higher
population of co-infected individuals displaying -clinical
symptoms of both infections than the singly-infected
population displaying clinical symptoms of the disease.
Okaka C. Akinyi et al [1] developed and analyzed a
mathematical dynamics of malaria and typhoid fever co-
infection to establish the effect of misdiagnosing typhoid
fever as malaria and hence treating it with anti-malarial. They
observed that misdiagnosis of typhoid fever as malaria
increases the transmission of typhoid fever by increasing the
rate of contact with salmonella typhi and the number of
typhoid bacteria carrier and hence, it leads to high endemicity
of typhoid fever. Finally, they concluded that accurate
diagnosis in treatment of typhoid has positive impact in
controlling typhoid in the community and reducing the rate
of misdiagnosis through laboratory tests would have the
largest effect on typhoid transmission.

Some deterministic mathematical models have been
formulated on the co-infection dynamics of malaria and
typhoid fever. Our paper work is based on the work done by
Okaka C. Akinyi et al. In our paper we split the malaria
disease into p. vivax and p. falciparum and we considered the
co-infections of typhoid fever -p. vivax and typhoid fever -p.
falciparum with single disease infection treatments. In this
study we also assumed that co-infected individuals
displaying clinical symptoms of one disease may be treated
either both infections or single infection.

Our paper is organized as follows: In Section 2, a thirteen
compartmental model for typhoid fever -p. vivax and typhoid
fever-p. falciparum co-infection with treatment has been
developed and also positivity and boundedness of the
solutions is proved. In Sections 3, 4 and 5, typhoid fever only,
p. vivax only and p. falciparum only sub-models are analyzed
respectively. In Section 6, the full model is discussed with its
reproduction number and stability of equilibria. In section 7,
numerical simulations of the models are performed to explore
the diseases dynamics. In section 8, we analyzed the

sensitivity of parameters. In section 9, we discussed our
results in detail. In section 10, we summarize our results with
conclusion. Finally, in section 11, we indicated important
recommendations.

2. Modified Model Formulation and
Description

The total human population size N, (t) at time t is divided
into thirteen epidemiological compartments such that
Np =Sy + 1 + R+ Iy + Inp + Cpp + Crp + Ty + T + Topp
and the total mosquitoes (vectors) populations size N, (t) at
time t is divided into three compartments so that N,,, = S, +
Lny + Iy and their descriptions are given in Table 1 below.
Typhoid fever infected individuals in I, class progress to the
co-infected class C,; at the rate oyA,,, where oy is the
modification parameter accounting for increased rate of co-
infection due to weakened individuals by typhoid fever,
malaria infected individuals with plasmodium vivax in Iy,
class progress to the co-infected class C,; at the rate yA;,
where v is the modification parameter since malaria infected
individuals are more vulnerable or susceptible for typhoid
fever in the endemic areas, malaria infected individuals with
plasmodium falciparum in I, class progress to the co-
infected class Cg, at the rate yA;, where v is the modification
parameter, typhoid fever infected individuals in I, class
progress to the co-infected class Cy, at the rate a, Ay, where
a, is the modification parameter accounting for increased
rate of co- infection due to weakened individuals by typhoid
fever; individuals in C,; class suffer disease-induced death at
the rate 6,6,,;, where 8; accounts for increased mortality due
to the co-infection impact of the two diseases; individuals in
Cs¢ class suffer disease-induced death at the rate 0,6¢,
where 0, accounts for increased mortality due to the co-
infection impact of the two diseases, w is the treatment rate
of humans from typhoid fever, ¢, and ¢, are the treatment
rates of the co-infected classes C,; and Cg, respectively,
malaria infected individuals with plasmodium vivax in I,
and plasmodium falciparum in [, classes progress to the
treatment class T, at the treatment rate &. Susceptible

. . I
humans acquire typhoid fever at the rate of A, = % The
h
forces of infections of susceptible humans with plasmodium
. . . bl
vivax and plasmodium falciparum are Ay, = % and
h
azbl . . .
Ang = ZN ™, respectively. The forces of infections of
h
susceptible mosquitoes by plasmodium vivax and

plasmodium falciparum infected humans are given by

azb(Ipy+11C agb(Ups+n2Cre)
__ agb(Ipy+n1Cyt) and Amf _ 1{] f
h

Amv - n
In our work we assumed the following basic assumptions:
The populations are homogenously mixing. There is no
simultaneous infection of the diseases. Susceptible
individuals get typhoid fever infection through contact with
infected individuals of the disecase. We assumed that birth
rate and natural death rates are constant. We further assume
that there is no natural recovery from typhoid infection.

respectively.
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Individuals in the co-infected classes are much weakened due  typhoid infectious class that leads to co-infection with
to the impact of the two diseases. All the associated plasmodium parasites. Mosquitoes are not infected by
parameters in the system are non-negative for all time t = 0. typhoid fever and they do not transmit the disease.

All malaria infected individuals have equal typhoid fever The dynamical flow diagram of the model is given by:
force of infection and equal treatment rate. Even if the

recovered class becomes susceptible again, our focus is

N
1
]

v

-
-

/

r

Figure 1. The graph of the co-infection dynamics of malaria and typhoid fever diseases.

The co-infection dynamics of the system is given by

dSp

o = A (A + Aps + A¢ + up)Sh )
% = AeSp — (@1 dpy + @ Aps + 0 + 6 tup)l; 2)
Z—I: = wl; — upR 3)
D0 = JSn = (VA + €+ 6, + )y @)
C = g Sn = (A + £+ 8+ )l 5)
Tt = Ayl + Vel = (b1 + 0180 + 1) Cor (©)
L = gl + VAl = (&2 + 0287 + 1) Cre )
d‘:? = $1Cor—nTur (8)
% = ¢2Cre—mnTye 9)

dTyr

Fra E(lpy + Inp)—pnTyr (10)
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B — A = Ao + A + fm)S 11
at _m mv mf #m) m ( )
dl
dr;w = bnwSm—tmImy (12)
dal
= A Sm—HmImy (13)

with initial conditions Sj,(0) > 0,1,(0) = 0,R(0) = 0,1,,(0) = 0,1,4(0) = 0,C,(0) = 0, Cf,(0) = 0,T,,.(0) = 0,T;(0) =

0,T,£(0) = 0,S,,(0) > 0, ,,,(0) = 0,1, (0) = 0.

Table 1. Malaria and Typhoid Fever Model State Variables, Parameters and Their Definitions.

State Variables/Parameters  Definitions and Descriptions

Sh Susceptible human population size at time t

I Infectious human infected with typhoid fever only at time t

R individuals that have recovered from typhoid fever disease at time t

I, Infectious human with plasmodium vivax only at time t

Ie Infectious human with plasmodium falciparum only at time t

Cpe Co-infected individuals with p. vivax and typhoid fever at time t

Cre Co-infected individuals with p. falciparum and typhoid fever at time t

Tyt Treated individuals both from plasmodium vivax and typhoid fever

Tfe Treated individuals both from p. falciparum and typhoid fever at time t

Tyr Treated individuals both from p. vivax and p. falciparum at time t

$m Susceptible mosquito population size at time t

s Infectious mosquitoes with plasmodium vivax only at time t

s Infectious mosquitoes with plasmodium falciparum only at time t

Ny, Total human population size at time t

Ny, Total mosquito population size at time t

Ap New recruitment rate into the susceptible human population

y\- New recruitment rate into the susceptible mosquito population

Wp Natural death rate for human population

Wi Natural death rate for mosquito population

S; Typhoid fever disease- induced death rate for human population

S, Plasmodium vivax disease- induced death rate for human population

Sf Plasmodium falciparum disease- induced death rate for human population

oy, 0y The modification parameters from infected typhoid fever to co- infection classes

Y The modification parameter for typhoid fever to co-infection

04,6, The modification parameters accounts for increased mortality due to the co-infection impact of the two diseases
W The treatment rate of humans from typhoid fever.

b1, P, The treatment rates of the co-infected classes C,,, and C, respectively.

B The effective transmission rate of typhoid fever on contact with infected individuals

a; The transmission probability of human infection due to per bite of an infected mosquito with plasmodium vivax
a, The transmission probability of human infection due to per bite of an infected mosquito with plasmodium falciparum
as The transmission probability that a mosquito will become infected by biting an infected human with plasmodium vivax
a, The transmission probability that a mosquito will become infected by biting an infected human with plasmodium falciparum
b Per capita biting rate of mosquito.

1,12 The modification parameters for mosquitoes to be infected from the co-infected individuals

£ The rate of treatment for malaria

Iny + Ing + Cor + Cpe + Ty + Ty + Ty
differentiating the human population N, with respect to

2.1. Invariant Aregion and Boundedness of Solutions

after

In this section, we will find a region in which the time t and substituting the corresponding values of the

solution of (1-13) is bounded. The total number of human  rates, we obtain:
population at any time t is given by N, =S, + I, + R +

ANy _dSy  dl,  dR  dhy  dly  dCy dGp  dTy  dTy  dTy

dt dt dt dt  dt = dt = dt = dt = dt = dt = dt

dn
- _dth = Ah - I’thh _[6C1t + 5171}“7 + 5f1hf + 915vtht + 925ftht]
If there is no infection and mortality of typhoid fever and ; ; An _Any -t —
tlLrgsupNh(t) < lim;_q Sup (l‘-h + (N, (0) Mh)e h )

malaria diseases, we get % < Ay — upNy. Thus, % +
unNy < Ay,. After integrating and simplifying both sides, we

obtain Ny (t) < % + (N, (0) — %)e_”ht. Therefore, region:
h h

A . . .
u_h' Hence, the total human population Ny, is bounded in the
h
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A
O = {(Sn 1Ry s Ing Coes Cres Toes Tres Top ) € RE%: 0 < Ny, < u—:} (14)

Similarly, the total number of mosquito population at any  2m pepce the total mosquito population N,, is bounded in
time t is given by Ny, =S, + Ly, + Iyp. Differentiating, ;‘}’1" .
substituting the corresponding values and simplifying both ¢ reglon:

. . . . dNp _ dSm | dlpy | dlmp o A
sides of this equation gives —= = =% + — + —%-. This Q, = {(Sm, Ly Imp) ER3: 0 < N, < ;} (15)

L dN . .
implies that —= < A, — Ny, . After integrating and
P dat ™ o £ s From (14) and (15), we can see that the model is well

simplifying both sides, we obtain posed epidemiologically and mathematically in the region:

N (£) < 22+ (Nm(o) - A—m) e #mt Therefore,
o " A Q =0, X, © RIXRE
lim supN (£) < lime o sup (52 + (N (0) = 22yt ) =

13 Ah Am
= {(Sh' It'RllhvllhflCth CftlT‘Ut' Tft,va,Sm, Imw Imf) € ]R+ 0 < Nh < 'u_, 0< Nm < _}
h

m

2.2. Positivity of the Solutions

The positivity of the solution of a dynamical system can be shown by considering each differential equation separately and
proving its solution is positive.

Theorem -1: If {(Sy, I, R, Iny, Ing» Cors Cres Tors Tres Togs S v Iy ) € RE3: S, > 0,1, = 0,R = 0,11, = 0,15 = 0,Cpp =
0,Crt 20,Ty =20,T 20, Ty 20,85, > 0,11, =20, Ly =0 }, then the set of solutions
{Sh, Lty R, Iny, Ingy Cots Crty Tots Tee Tops Smo Imws Ims } are non-negative for t > 0 in the feasible region .

Proof: All the forces of infections are positives and we apply this concept in the next subsequent proofs.

In equation (1), we have: % =A, — (/1,”, + App + A+ uh)Sh and its solution is

Sp(t) = 5,(0)e™P" + Ape " [ eP* dt > 0, since A, > 0,5,(0) > 0,e7P* > 0 and e?* > 0.
Let us take equation (2): % = A5y — (al/lh,, + axdps + 0+ 5t+,uh)1t and the solution is
I,(t) = I,(0)e Pt + 7Pt fotepf/ltSh(T)d‘r > 0, since 4, > 0,5, > 0,1,(0) > 0,eP* > 0 and eP* > 0.

In equation (3), we have: Z—}; = wl, — u,R with its solution R(t) = R(0)e #rt + e HnPt fot et Tl (t)dt > 0, since
I, > 0,0 > 0,R(0) > 0,e #rt > 0 and e#*r* > 0.
In equation (4), we have: % = ApoSn — (YAs + 8, + € + pp) 1, and the solution is

Ihl?(t) = Ih,,(O)e_pt + e_pt fot eprlhvsh('[)d'[ > 0, since /’{hv > O,Sh > 0, Ihv(O) > 0,e_pt >0&eP? >0

From equation (5), we have:

a . .
% = AngSn — (YAr + 87 + € + pp ) Ins with solution

Ihf(t) = Ihf(O)e_pt + e_pt fot epT/’{hfSh(T)dT > 0, since /’{hf > O,Sh > 0, Ihf(O) > 0,e_pt >0&eP">0

dcy
dt

In equation (6), we have: —2 = YA, Iy, + a1 Apyl; — (P1 + 016, + up)Cpe and the solution is

Cpe(t) = C,p(0)e Pt + 7Pt fotepf(yltlh,, + ay App 1) (7) dt > 0, since (YA Iy + a1 Ap,1) > 0,8, > 0,C,(0) > 0,e7Pt >
0 and eP* > 0.

In equation (7), we have: % = adnsly + VAcdpy — (q,’)z + 0,65 + uh)Cft and the solution is

Cre(t) = Cr(0)e™PE + e7P* fotepf(yltlhf + @Al ) (1) dT > 0, since (YAl + apAnsle) > 0,5, > 0,C(0) > 0,e7PF >
0 and eP* > 0.

In equation (8), we have: % = ¢, Cpe— 1y, Ty and the solution is T, (t) = Ty (0)e "Hrt + e7Hnt fot et Cye(t) dT > 0,
since Cpy > 0,¢p; > 0,T,(0) > 0,e #rt > 0 & e#r™ > 0
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In equation (9), we have: —— s

Tf, @) = Tfe (0)e~#nt

= ¢ Crr— 1y Ty, and the solution is

+ e Hnt fote”h7¢26ft(r) dr > 0, since Cp > 0, ¢, > 0,Tf,(0) > 0,e7#rt > 0 and e#r* > 0

. dr .
In equation (10), we have: a_:f = &lpy, + elpg—upTyf and the solution is

va(t) = va(O)e_”ht + e_#ht fote”hf(glhv + glhf)(‘[) dr > 0, since (Elhv + glhf) > 0, ¢2 > 0, va(O) > O,Q_Hht >
0 and e#r™ > 0.

In equation (11), we have: % =

Ay — (Amv + Ams + um)Sm and the solution is

Sn(t) =5,,(0)e Pt + 7Pt foteT”Am dt > 0, since A,, > 0,5,,(0) > 0,e7 Pt > 0 and eP* > 0.

In equation (12), we have: —/= m

= Ay Sm—MHmImy and the solution is

Ly (t) = Ly, (0)e™Hmt 4 g=Hmt fote“mflmvSm(‘r) dr > 0, since S, > 0, A,,, > 0,1,,,,,(0) > 0,e #mt > 0 and e#m* > 0.

. dr L
From equation (13), we have: d—':f = AmpSm—HtmIms and the solution is

Ls (t) = Lyp(0)e™#mt + g~Hm! fote”mflmem(T) dr > 0, since Sy > 0, Ay > 0,1,,7(0) > 0,e7#mt > 0 and e#m* > 0.

Next we consider the dynamics of the three sub-models,
namely; Typhoid Fever only, Plasmodium vivax and
Plasmodium Falciparum only models separately. This helps
us to analyze the dynamics of the full model.

3. The Dynamics of Typhoid Fever
Sub-Model Only

Using the full model (1-13), the dynamics of the typhoid fever
sub-model only is obtained by setting Iy, = I = Cypr = Cpp =
Tyr =T =Ty = Sy = Ty = Iy = 0 and given by

daSp

= M= (e + un)Sh (16)
dr
d_tt = ASp — (@ + Se+pp)l; (17)
dR
o = ol — uR (18)

with initial conditions S,(0) > 0,1,(0) = 0,R(0) =0 ,

A Bltanth—Sh+It+R

3.1. Invariant Region, Boundedness and Positivity of
Solutions of Typhoid Fever Sub-Model Only

The total human population is given by N, = S, + I, + R.
Then, differentiating both sides of this equation gives
aNp _ dSh ‘“f
at ~ dt
values of the rates and simplifying the terms we obtain:
2N — upNy — 6:1;. It gives dﬂ + up Ny < Ay, Thus,

Nh Ah
+ (N, (0) — —)e Hnt Therefore

+ 2R After substituting the corresponding

dat
Ny () <

llmsup Nh(t) < lim;_, o sup( + (N, (0) — —)e uht)

u_h' Hence, the system of the sub-model is bounded for the

total human population N, in the region: Q, = {(Sh,lt, R) €
R3:0 <N, <

system are bounded in Q.

i } and hence, all solutions of the dynamical

3.2. Disease-Free Equilibrium Point of Typhoid Fever
Sub-model Only

The disease-free equilibrium (DFE) point is obtained when
we assume that the susceptible populations do not consist of
infected individuals. i.e. I, = R = 0. To find this DFE point;
we set the right hand side of the non-linear system of
differential equations given by the sub-model (16-18) to zero.

Thus, the DFE point of the sub-model is E; = (ﬁ—:, 0,0).

3.3. Basic Reproduction Number, R, for Typhoid Fever
Sub-model Only

The basic reproduction number, R,;, is defined as the
average number of secondary infections caused by a single
infectious individual introduced into the entire susceptible
populations during his or her infectious period. We use the
next generation matrix method to calculate R for the system
(16-18). When Ry, <1, the disease will decline and
eventually dies out. When R, > 1, the disease will spread in
the population [12]. In the dynamical system (16-18) the rate
of appearance of new infections F and the transfer rate of
individuals V at the disease free equilibrium point E, =

(ﬁ—h, 0,0 ) are given by the following functions as:
h

F=[p],V=[w+6+u,] and V™1 =

[w+é‘t+p.h]

The basic reproduction number R,; of the typhoid fever
sub-model only is the largest eigenvalue of the next
generation matrix FV~! and given by p(FV™1) =Ry =
B
(w+8¢+up)
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3.4. Local Stability of the Disease Free Equilibrium Point
for Typhoid Fever Sub-model Only

Theorem-2: The disease free equilibrium point E, of the
typhoid fever sub-model is locally asymptotically stable
(LAS) if Ry; < 1 and unstable if Ry, > 1.

Proof: The Jacobian matrix of (14-16) at E,, is given by:

—Hn -B 0
J(Ey) = [ 0 B-(w+6+u) 0 l
0 w ~Hn
The characteristic equation of the Jacobian matrix is
—tp — 4 -B 0
0 B—(w+6+up) — 2 0 ‘=0
0 W —Up, — A

Simplifying this determinant, we get:

(—up, — DB — (w + 8,+uy) — 1) = 0. Thus, the roots
of this polynomial are givenby 4, = 1, = —u, <0 or
A3 =P — (0 + 8c+pp) = (0 + 8c+pp) (Roe — D).
Hence, the DFE E, is locally asymptotically stable (LAS) if
Ry: < 1. Otherwise, it is unstable if Ry, > 1.

3.5. Global Stability of the Disease Free Equilibrium Point
for Typhoid Fever Sub-model Only

Theorem-3: The disease free equilibrium point E, of the
typhoid fever sub-model is globally asymptotically stable
(GAS) if Ry < 1.

Proof: We define a Lyapunov function L:R3 — R, by
L(Sy, I;,R) = ! I; . The function L and its partial

w+St+up
derivatives with respect to the corresponding state variables
are all continues. L has a minimum value at the DFE point

E, = (ﬁ—:,o, 0) which is L(E;) =0. Also, & =225

dt ~ dsp dt
dL dly | dLdR _ 1 dly _ 1 dil; After
dlg dt dR dt w+6¢+up dt w+8¢+up dt

substituting for% and simplifying it we obtain the value of
dL A dL
—atEy = (u—:, 0,0) as: == (Ro; — DI,

Thus, % <0 if Ry; < 1. Furthermore, % =0if Ry =
1or I, = 0. Hence, L is a Lyapunov function. From this we
conclude that the DFE E| is the only singleton in the region.
That is, the largest invariant set contained in ; =

{(Sh,lt,R) E]Ri:%= } is reduced to the DFE E, .
Therefore, the DFE E, is globally asymptotically stable
(GAS) on Qp if Ry, < 1.

3.6. Existence of Endemic Equilibrium (EE) Point for
Typhoid Fever Sub-model Only

Endemic equilibrium points are steady state solutions
where the disease persists in the population. To find this EE
point, we set the right hand side of the non-linear system of
differential equations given by (16-18) to zero. Therefore, the
unique endemic equilibrium point of the typhoid fever sub-
model is given by E* = (S5, I, R™). Thus,

B = (ﬂ RoeAp — up Ny w(RoeAp — #hNh)>
Ror' B ' UnbB

3.7. Local Stability of the Endemic Equilibrium (EE) Point

Theorem-4: The endemic equilibrium point E* of the
typhoid fever sub-model is locally asymptotically stable if
Ry > 1

Proof: The Jacobian matrix of (16-18) at E* is

—AnRot -B 0 ‘|

| Np Rot |
J(E™) =] AnRor _ £ _ )
( Np, Hn) Rot e 0 J

0 w —HUp

where e; = (w + 6,+up)
The characteristic equation of the Jacobian matrix at E* is

—AR _
wRoe =B .
Ny, Ro¢
ApRo; B =0
- ——e, — A 0
( N, Un) Ror €1
0 W —Up, — A

After simplifying this determinant, we get: (—u, —

2 AnRot _ B ApRoter _ HrBy _
D@+ ( o R0t+e1)/1+ By =0

The first root (eigenvalue) of this polynomial is A; =
—up < 0 and the remaining two eigenvalues can be obtained
from the quadratic equation part. We have proved that all
coefficients of this quadratic equation are positive and by
Routh-Hurwitz criteria all roots of this quadratic equation
have negative real parts. Therefore, the EE E* is locally
asymptotically stable (LAS) if Ry > 1.

3.8. Global Stability of the Endemic Equilibrium Point for
Typhoid Fever Sub-model Only

Theorem-5: The endemic equilibrium E* of the typhoid
fever sub-model is globally asymptotically stable if Ry, > 1.
Proof: We define a Lyapunov function L:R3 — R, by
* * S* *
L(Sw I, R) = A (S, = S; + Shlnﬁ) +B (1,t I+
1gln’—f) +C (R — R+ R*lnR—) , where A,Band C are
It R
positive constants. Then, the function L and its partial
derivatives with respect to the corresponding state variables

are all continues. L has a minimum value at E* which is
L(E*) =0.

dL oL dSp , OL dly , L dR Sh~ dSp
Also —=——4+——+——=A1-)—
’ dt dSp dt = 9l dt 9Rdt ( sh) dt +
If\ dlg R*| dR o
B(1-— 1—) P c(1- F) o After substituting the values of
t
dsy dlp

dR T . .
T and p and simplifying expressions we obtain the

value of% at the EE E™ as:

©L_ g, + )(1 5;;)25
ar _ _ oy (1=3n
dt t h Sh h

x 2 * 2

I
+B(w + 8, +uy) (1 - Ii) I + Cuy, (1 - ?) R1<0
t

dL
= —<0

x=0, for any positive values of A,B and C.
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—0 at the EE E*.

function. From this we conclude that E* is the largest
compact invariant singleton set in the region. Therefore, the
endemic equilibrium point E* is globally asymptotically
stable (GAS) in the invariant region if Ry, > 1.

Moreover, — Thus, L is a Lyapunov

4. The Dynamics of Plasmodium Vivax
Sub-model Only

Using the full model (1-13), the plasmodium vivax sub-
model dynamics is obtained by setting I, = R = Iy = (e =
Crt = Tyt = Tpr = Typ = Ly = 0 and is given by

dSp

— = A= (A + UR)Sh (19)
dlpy
2= ApwSn — (& + 8y + )y (20)
dT
. = elppy—pnT, (21)
dSm
i A — (A + Um) S (22)
dlmy
dt = Amvsm_,umlmv (23)

with initial conditions S, > 0,1, = 0,T, =2 0,S,, > 0, ,,,,, =

O, lhv=alz;mv,lmv=% and Nh_Sh+IhV+TV and

m = Sm + I

4.1. Invariant Region, Boundedness and Positivity of
Solutions for Plasmodium Vivax Sub-model Only

The total human population is N, = Sy, + I, + T,,. Then,
% = % +— dlh” + ﬁ . After substituting and simplifying
different terms we get. cl_th + upNp < Ay. Thus, Ny (t) <
A—h + (N, (0) — ﬂ)e"‘ht. Therefore,
hmsup Ny (t) < lim;_, sup( + (N, (0) — —)e "ht)
u_' Hence, the system of the sub-model is bounded for the

h
total human population Ny, in the region:
Qh = {(Shllhv' TV) € Ri 0 < Nh < ﬁ}
Hh

Similarly, the total mosquito population is N,,

Then, de = dsm + dlm" After substituting and simplifying
dlfferent terms we get. — + Um Ny < Ay This implies that
Nin (8) < + (Nm (0) - )e"‘mt Therefore,

hmsume(t) < limg_,o, sup( + (N,,,(0) — A—m)e ”ht)

u_m' Hence, the system of the sub-model is bounded for the

total mosquito population N, in the region: Q,, =
{Sms ) € RE:0 < Ny < 2—’"}

From Q and Q,, we can sgle that the sub-model is well
posed epidemiologically and mathematically in the region:
Q= 0,X0, c R3XR2 = {(sh, Tnos Tor Ses Iy ) €

= S0+ Iny.

R$:0 <N, <=%,0 <N, <m}

4.2. Disease-Free Equilibrium Point for Plasmodium Vivax
Sub-model Only

The disease-free equilibrium (DFE) point of the sub-model
(19-23) is obtained by setting I, =T, = I, =0 and is
i = (A Am
given by E, = (uh,O, 0, um’O)'

4.3. Basic Reproduction Number, R, for Plasmodium
Vivax Sub-model Only

Using the next generation matrix we will obtain the
reproduction number R, of the sub-model. In the dynamical
system (19-23) the rate of appearance of new infections F
and the transfer rate of individuals V at the disease free
equilibrium point E, = (Ah 0,0, Am 0) are given by the

following functions as:

0 a;b
F = |asbppAm l V= [(E + 56 Thn) 0 ] and
HmAn m

1
V—l — (e+8y+up)
0 1
Hm
The basic reproduction number R, of the plasmodium
vivax sub-model only is the largest eigenvalue of the next
generation matrix FV~! and given by p(FV™1) =Ry, =

aiazb?upAm
N BAn (e 8y i) >0
4.4. Local Stability of the Disease Free Equilibrium Point

Theorem-6: The disease free equilibrium point E, is
locally asymptotically stable if Ry, <1 and unstable if
Ry, > 1.

Proof: The Jacobian matrix of (17-21) at E; is given by

— Up, 0 0 0 —a, b
0 —(e+6,+u) O 0 ab
0 £ —Un 0 0
J(Ep) = 0 _ a3bpnAm 0 —un 0
Umn
aSthAm
_— 0 —pm
#mAh -

The corresponding characteristic equation of the Jacobian
matrix is obtained by:

—Up—A 0 0 0 —a;b

0 —(e+6,+up)—2 0 0 a;b

0 € —Up — A 0 0
a3b|-1—hAm

0 —2hm 0 —l — A 0

UmAp "
a3b|J-hAm

0 _— 0 0 —Uym — A

,umAh Hm
=0
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Simplifying this determinant gives:

2
(= tn = D) (i = D~ = DA + (& + 8, + i + o)A + (& + 8, + )y, — 282 E0m) —

=A== bndy = —lmdz = —py ot B2 + (e + 8y + Uy + A + (& + 8y + )iy

UmAn

_ @asbinbm _ o
UmAp

:>/14:

—(5+5v+ﬂh+Hm)_\/(5+5v+ﬂh+ﬂm)2_4((5+6v+ﬂh)ﬂm_

ajazb? uh/\m)
HUmAp

or
2

15=

_(£+5v+ﬂh+”m)+\/(£+5v+”h+”m)2_4((£+5v+ﬂh)ﬂm_

a,asb? HhAm)
PmAn

2

From these eigenvalues we can see that 1,, 1,, A3 and A, are all less than zero. So, the DFE will be stable if A; < 0. Then,

_(£+5v+”h+#m)+\/(£+6v+”h+”m)2_4((£+5v+”h)”m

_aazb? HhAm)
PmAn

2

. o . . . aiazb?ppAm,
Simplifying this inequality gives: /—(H St R <1l It
implies that Ry, < 1. Therefore, the DFE E, is locally
asymptotically stable if Ry, < 1 and unstable if Ry, > 1.

4.5. Global Stability of the Disease Free Equilibrium Point
for Plasmodium Vivax Sub-model Only

Theorem-7: The disease free equilibrium point E, is
globally asymptotically stable if Ry, < 1.
Proof: We define a Lyapunov function L:R} — R, by

L(Sh T Tor Sr b ) = A (Sn = Si + Shln32) + Iy + T, +
B (Sm —Sm+ Snin j—m) + I, Where C and D are positive
constants. After some calculations, we obtain the value of %

2
: . 9L - _ _5
at the DFE point E, as: o (Ey) = [A( Sh) (Apy +

Si\?
w)Sh+ B(1=52) (o + ) Sl

2 2
_ NonNp(asbAp+Npume) 1« _ NontntmNGpREy=NR) o _

<0

dL ..
Thus, RS 0, for any positive constants C and D .

Furthermore, % =0 at the DFE point E;,. Hence, L is a
Lyapunov function. From this we conclude that the DFE E|,
is the only singleton in the region. That is, the largest
invariant set contained in the region
= {(Shs I Tor S ) € RE: 52 = 0} s reduced to the
DFE E,. Therefore, the DFE E; is globally asymptotically
stable (GAS) on Q if Ry, < 1.

4.6. Existence of Endemic Equilibrium (EE) Point for
Plasmodium Vivax Sub-model Only

To find the EE point, we set the right hand side of the non-
linear system of differential equations given by (19-23) to
zero. Then, an arbitrary endemic equilibrium point E* is
given by E* = (S, In,, Ty, S Iy ), Where

2 52 N2
eNgntm(NopRoy—Np)

Sh =

2
AmNp(UmeNspRE,+ NpazbAp)
azb Noptnim(NopR3y—NE)+ imNp(umeNZ, RE,+ NpasbAp)

Sm =

4.7. Local Stability of the Endemic Equilibrium Point for
Plasmodium Vivax Sub-model Only

Theorem-8: The endemic equilibrium E*of the P. Vivax sub-

[ ,aq bl
_(—thv + Un) 0
aiblyy, —e
Np
J(E") = 0 €
__azbSm
0 N
0 a3b57*n
Np

fmeN2,RZ,+ NpasbAp’ "™ 7 . eNZ, R2 + NpasbAp® Y

Imv -

2
UmeNZ,RE,+ NpazbAp

2 2
x Amaszb Nohﬂh(NohRgv_Nh)
asb Nopinitm(NapR3y—N7E)+ umNp(meNZ RE,+ NpagbAp)

model (19-23) is locally asymptotically stable if Ry, > 1.
Proof: The Jacobian matrix of the dynamical system (19-23)
at the EE point E™ is given by:

0 0 _a;bSp]
Np
0 0 abSy,
Np
—Hn 0 (U S
aszblj,
0 —(iyy o
asbly,
O
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where e = € + 6, + uy

The characteristic equation of the Jacobian matrix at the EE point E™* is

Simplifying this determinant gives:

_(“1:, f;”’ + o) -2 0 0 0 al}\l;:’*‘
%f”" —e—2 0 0 al}f/’:’*‘
0 € —pp — A 0 0 |=o0
0 ‘1316: _(asjsihv =2 0
a;bs;, asbl;
0 3Nh 0 3Nhh" —p — A

(—up — D, + A)(ﬁ + Az/lz + A4+ Ap) =0,

as be*l‘li

a1blyny, ,azbly,
where 4, = 1N—hm” (M + e + Upe + e —
a1azb?sy Sy a, blm,; as bI,*w
bz A= + up)( + i +e) +
aszbly, ajazb?sy S aqbly,
3’“’e+,ume—13 hSm dAz—lmv‘l',U.h

h
a3b1hv
GVl 4yt
Nn Hm

The first two roots (eigenvalues) of this polynomial are
A =—up, <0and A, = —u,, <0 and the remaining three
eigenvalues can be obtained from the cubic polynomial part.
We have proved that all coefficients of this cubic polynomial

L(St Lo Tor S ) = A (S
)+ E (I

—s;+5;;lni)+3(1h,, Ty + Iyl 2 )+C(T—T*+Tln )+D(5

are positive and by Routh-Hurwitz criteria all roots of this
cubic polynomial have negative real parts. Therefore, the EE
E* is locally asymptotically stable (LAS) if Ry, > 1.

4.8. Global Stability of the Endemic Equilibrium Point for
Plasmodium Vivax Sub-model Only

Theorem-9: The endemic equilibrium point E* of the p.
vivax sub- model is globally asymptotically stable if
Ry, > 1.

Proof: We define a Lyapunov function L: R} — R, by

=S, +

=y iy 122

.. . dL . .
where A, B, C,Dand E are positive constants. After some computations, the value of ™ at the EE point E™* will be:

dL Sy
dt

* 2

2

—=—[A (1 ——) (Ao + W)Sn + B (1 —II—) (e + 68, + updlny

hv

* 2

T} S
2o (1-5) s 0 (15 G+ 05,
T, S

+E(1 !
I

mv

Thus, % < 0 for any positive values of 4,B,C,D and E.

Furthermore, % =0 at the EE point E™.

Lyapunov function. From this we conclude that E* is the
largest compact invariant singleton set in the region.

Therefore, the endemic equilibrium point E* is globally
asymptotically stable (GAS) in the invariant region if
Ry, > 1.

Hence, L is a

5. The Dynamics of Plasmodium
Falciparum Sub-model Only

Using the full model (1-13), the plasmodium falciparum
sub-model dynamics is obtained by setting Iy = R = I, =

2

) Ml ]-

Cyt = Cpe = Tye = Tg = Ty = Iy, = 0 and is given by

dSp

a Ap = (Ang + Un)Sh (24)

d;';f AngSp — (€ + 8¢ + un)lng (25)

L= el =Ty (26)

D = A = Gy + Hm)Sm 27)

Sk = Ay St e8)

with  initial ~ conditions S, > 0,I,r = 0,Tf = 0,5, >
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bl bl
O, Imf = 0, Ahf = azthf, lmf = _a4Nhhf and Nh = Sh + Ihf +

Tr and Ny, = Sy + Iy

5.1. Invariant Region, Boundedness and Positivity of
Solutions

The total human population is N, = Sy + If + Tf. Then,
dNp _ dSp aTy
Tat  at “at
different terms we get: % + up Ny < Ay Thus, Ny (t) <

20 4 (N, (0) — 2mye=#nt Therefore,
Hh Hp

% + —=. After substituting and simplifying

limsup Np,(t) < lim;_q sup (ﬁ + (N,(0) — ﬁ)e"‘ht) =
t—00 Un Hh
2—2. Hence, the system of the sub-model is bounded for the

total human population N, in the region:
A
Q = {(Sh,lhf,Tf) ER:0<SN, < H_Z}

Similarly, the total mosquito population is Ny, = Sp, + Iy

ANm _ dSm

at ~ de ]

different terms we get: % + Um Ny < Ay, This implies that

Nip(£) < 54+ (N (0) — Syt
Hm Hm

Then, +%. After substituting and simplifying

Therefore,

. . Am Am - t) —
glmsume(t) < lim;_ sup (u_ + (N, (0) — M—)e Hh ) =
Am, Hence, the system of the sub-model is bounded for the

Hm
total mosquito population N, in the region:

A
m

From Qj and Q,, we can see that the sub-model is well
posed epidemiologically and mathematically in the region:

0= QX0 © RIXRE = {(Sn Ly, Ty S Iy ) €
RE:0 <N, <22,0< N, <zl
SR =y S m_um}

5.2. Disease-Free Equilibrium Point for Plasmodium
Falciparum Sub-model Only

The disease-free equilibrium (DFE) point of the sub-model
(24-28) is obtained by setting Iy = T = I,y = 0 and is

given by E, = (22,0,0,22, 0).
Hh Um

5.3. Basic Reproduction Number, Rys

Using the next generation matrix we will obtain the
reproduction number Ry of the sub-model. In the dynamical
system (24-28) the rate of appearance of new infections F
and the transfer rate of individuals V at the disease free
Am
—,0

Wm

equilibrium point E, = (%,O, 0, ) are given by the
h

following functions as:

0 asb + 8+ 0
F = |asbppim 0 ,V = [(8 s #n) ]and
HmAn 0 Hm
1t
—1 _ |(e+bptun)
vt= 0 1

Hm

The basic reproduction number Ry of the plasmodium
falciparum sub-model only is the largest eigenvalue of the
next generation matrix FV~! and given by p(FV1) =

_ azasb?uphm
Ror = \j WA (e+8p+un) > 0.
5.4. Local Stability of the Disease Free Equilibrium Point

Theorem-10: The disease free equilibrium point is locally
asymptotically stable if Ry < 1 and unstable if Ry > 1.
Proof: The Jacobian matrix of (24-28) at E, is given by:

[— Un 0 0 0 —a,b
0 —(e+8+mp) © 0 ab
0 £ —Un 0 0
= azbuy A
J(Ey) _ QbR Am 0 —u, 0
UmAn
a4b”hAm
re— 0 0 —u
JTYAV "

The corresponding characteristic equation of the Jacobian
matrix is obtained by:

—Up— A1 0 0 0 —a,b

0 —(£+5f+/,th)—l 0 0 a,b
0 £ —up — A 0 0

azbunAy, =0
0 - 0 Uy — A 0

:umAh "
a4b:uhAm

0 —_— 0 0 —Um — A

:umAh "

Simplifying this determinant gives:
ayasb?uy A
(= = Dt = Dt = DI + (£ 4+ 67+t + i) A+ (£ 46 + o Jam = =— =] = 0
m
—(s+5f+uh+um)—j(s+6f+uh+um)2—4((s+6f+uh)um—W
=S4 =—upl, =3 =—uyori, = or

2
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2.5=

—(e+5f+uh+um)+\/(s+6f+uh+um)2—4((e+5f+uh)um—

aya4sb2pp
Umn

From these eigenvalues we can see that
A1, 45,13 and A, are all less than zero. So, the DFE will be
stable if A5 < 0. Then,

as a4b2uhAm
HUmAp

—(e+8p+pp+um)+ \/(5+6f+l‘—h+l‘—m)2_4((5+5f+ﬂh)ﬂm_ )

<
2

. P .. . . . azasb?pupAm
0. Simplifying this inequality gives: ’—(H 5+t <1.1It
implies that Ry < 1. Therefore, the DFE E; is locally
asymptotically stable if Ry < 1 and unstable if Ryr > 1.

5.5. Global Stability of the Disease Free Equilibrium Point
for Plasmodium Falciparum Sub-Model Only

Theorem-11: The disease free equilibrium point is globally
asymptotically stable if Ryf < 1.
Proof: We define a Lyapunov function L:R} — R, by

* * S*
L(St Tugs Tps S g ) = € (Sn = S + Shlnﬁ) + 1y +
Ty + D (Sy = S + s;an—Z) + Iy, where CandD are

positive constants. After some calculations, we obtain the

2
value of % at the DFE point E, as: %(EO) =—[C (1 -

s\ 2 i\ 2
=) Qng +1)Sn+ D(1=32) Cony + m)S]
Thus, % <0, for any positive constants C and D .

Furthermore, % =0 at the DFE point E;,. Hence, L is a
Lyapunov function. From this we conclude that the DFE E|,
is the only singleton in the region. That is, the largest
invariant set contained in the region
Q= {(Sn Inp Ty S Iy) € RG: 52 = 0} is reduced to the
DFE E,. Therefore, the DFE E, is globally asymptotically
stable (GAS) on , if Roy < 1.

5.6. Existence of Endemic Equilibrium Point

To find the EE point, we set the right hand side of the non-
linear system of differential equations given by (24-28) to
zero. Then, an arbitrary endemic equilibrium point E* is
given by E* = (S;{, I,jf, T;,S,*n, I,;f), where

2 2 2 2 2 2
S — NonNp(asbAp+Nppme) « _ Norbrbm(NopRor—Np) . eNopUm(NopRor—Np)
R umeNZ,RE -+ Npagbhy’ hf UmeNgpR3 -+ NpagbAp’ f HmeNGpRE p+ NpasbAp’
2 2 2 2 2
. AmNp(UmeN§pRE s +NpasbAp) &I = Amagb Nopttn(NopRgr—Np)
mf —

aqb Nonintm(NGpRE ¢—~NR)+ mNp(meNgpRE ¢+ NpasbAp)

agb Nonthtm(NGpRE f=NE)+ N (HineNGRE o+ NpasbAn)

5.7. Local Stability of the Endemic Equilibrium (EE) Point for Plasmodium Falciparum Sub-model Only

Theorem-12: The endemic equilibrium point E* of the plasmodium falciparum sub-model (24-28) is locally asymptotically

stable if Roy > 1.

Proof: The Jacobian matrix of the dynamical system (24-28) at the EE point E”* is given by:

r azbl;‘nf
—(=, t #n) 0
azbl;nf —e
Np
J(EY) = 0 £
0 _a4b57*n
Np
0 asbSy,
Np

where e = € + 8¢ + iy,

0 0 ]
h
0 0 22
h
—Hn 0 U S
asbly
0 —(L+un) 0
h
a4b1,§f _
0 Np Mm |

The characteristic equation of the Jacobian matrix at the point E* is

—(azf\),?f Hp) = A 0 0 0 —%:’1
%fmf —-e—A1 0 0 %:;{
0 € —up — A 0 0 =0
0 —% 0 —(%:” + 1) — 4 0
bS;; asbl;,
0 a‘*Nh'" 0 “N—h”f =
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Simplifying this determinant gives:
(—up — D) (U + D3 + A,2% + A2 + Ay) = 0, where

a,bl,

AOZ

bl
L G e +

a2a4b Sh Sm

Hmeé — and 4, =

The first two roots (eigenvalues) of this polynomial are
A =—up, <0and A, = —u,, <0 and the remaining three
eigenvalues can be obtained from the cubic polynomial part.
We have proved that all coefficients of this cubic polynomial
are positive and by Routh-Hurwitz criteria all roots of this
cubic polynomial have negative real parts. Therefore, the EE
E” is locally asymptotically stable (LAS) if Ry > 1.

5.8. Global Stability of the Endemic Equilibrium Point for
Plasmodium Falciparum Sub-model Only

Theorem-13: The endemic equilibrium E* of the
plasmodium falciparum sub- model (24-28) is globally
asymptotically stable if Rof > 1.

Proof: We define a Lyapunov function L:R3 — R, by

* 7. Sh
L(Sh'lhfﬁTf:Sm: Imf) =A (Sh - Sh + Shlnﬁ) +
B (Ihf i + Liyln ) +C (Tf T} + T;ln;—f) +
f
* * Sm % " I;n
D (Sm—Sp+ Smlng) +E (1mf S L+ I Im;)

where A, B,C,D and E are positive constants. After some

*

>

calculations, the value of E at the EE point E* will be:
2
f
L —[A(1——) (Ahf+ uh)Sh+B( f) (e+6 +
- _f _Sm
. \2
s

:um)Sm +E ( Imf) #mlmf]

Thus, % < 0 for any positive values of A,B,C,D and E.

d . .
Furthermore, d—i =0 at the EE point E*. Hence, L is a

Lyapunov function. From this we conclude that E* is the
largest compact invariant singleton set in the region.

B 0 0 0 0
[0 0 0 ab 0 ] e
; Io 0 0 0 azblv 8
) —“3:”‘2"*" 0 0 of _[0
milh
[0 0 asbupAm 0 0 J 0
HmAn

Hence, the basic reproduction number R, of the full
dynamics of the co-infection of Plasmodium vivax,
Plasmodium falciparum and typhoid fever is the largest
eigenvalue of the next generation matrix FV =1 or the spectral

radius of FV~! and given by Ry = Max{Ro;, Roy, Ros },

B ayazb?upAm
where R =—— R = |——"—and R =
0L ™ (w+sptup)” O W Ap (e+8y+itp) of

a,asb?s;, S,
l'lhe+.um:uhe_.uthhm Ay = (—

a blmf

o

Q
)

oS O O

asbly,
+ ) (— !

+ U

azbl;nf

bl
F ol )+ e

+ +e.

a4b1;f
+ up N
Therefore, the endemic equilibrium point E* is globally

asymptotically stable (GAS) in the invariant region if
Rop > 1.

6. The Full Dynamics of the Co-Infection
of P. vivax, P. Falciparum Malaria and
Typhoid Fever Model

After we analyzed the dynamics of the three sub-models,
that is, Typhoid Fever-only, Plasmodium Vivax and
Plasmodium Falciparum-only models, the full typhoid fever
and malaria co-infection model (1-13) will be considered and
analyzed in the positively invariant region (.

6.1. Disease-Free Equilibrium Point for the Full Model

The disease-free equilibrium point E, of the non-linear
system of differential equations given by (1-13) is obtained
by Setting It =R = Ihv = Ihf = Cvt = Cff = Tlit = Tft =
va = Imv =y = 0. Thus,

Ay A
Eo—<—000000000 00)
Hn Hm

6.2. The Basic Reproduction Number, R for the Full
Model

Using the next generation matrix we will obtain the co-
infection reproduction number R, of the model (1-13). In the
dynamical system (1-13) the rate of appearance of new
infections F and the transfer rate of individuals V at the
disease free equilibrium point E, are given by the following
functions as:

2 0 0 0 O]
€1

0 0 0 o X 0o o0 o

0 0 0 ez )

es 0 O landvt=]|0 - 0 0

0 Hm 0 1

0 0 00 0 = 0
00 0 0 =~
- Hm-

azasb?upim
u?n/\h(8+5f+[l.h).
6.3. Local Stability of the Disease Free Equilibrium Point

for the Full Model

Theorem-14: The disease free equilibrium point E, of the
co-infection of Plasmodium vivax, Plasmodium falciparum
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malaria and typhoid fever is locally asymptotically stable Proof: The Jacobian Matrix of the model at the disease free
(LAS) if Ry < 1 and unstable if R, > 1. equilibrium E| is given by
—un  —B 0 0 0 0 0 0 0 0 0 —ab —ayh
0 B—e O 0 0 0 0 0 0 o0 0 0 0
0 w —Un 0 0 0 0 0 0 0 0 0 0
0 0 0 —e, 0 0 0 0 0 o0 0 ab 0
0 0 0 0 —ey 0 0 0 0 0 0 0  ayb
0 0 0 0 0 —ey 0 0 0 0 0 0 0
0 0 0 0 0 0 —es 0 0 0 0 0 0
0 0 0 0 0 b1 0 -, 0 0 0 0 0
JED =1 0 0 0 0 0 0 b, 0 —u, O 0 0 0
0 0 0 € € 0 0 0 0 —u, O 0 0
—azbuyA —ayubA —azb A —aub A
0 0 0 30UpAm 45 02m 30M1 UpAm 4012 Up A 0 0 0 —t 0 0
,umAh .umAh ,umAh ,umAh
azbupA azb A
0 0 0 4398 lim 0 30Nk Am 0 0 0 0 0 i 0
:umAh :umAh
agbpp A asbnappAm
0 0 0 0 —_— 0 _— 0 0 0 0 0 —U
- .umAh ,umAh ™
The corresponding characteristic equation of the Jacobian matrix is
iy — A -B 0 0 0 0 0 0 0 0 0 —a,b —a,b
0 B—e —1 0 0 0 0 0 0 0 0 0 0 0
0 w —pp — A 0 0 0 0 0 0 0 0 0 0
0 0 0 —e, — A 0 0 0 0 0 0 0 a;b 0
0 0 0 0 —e;— 1 0 0 0 0 0 0 0 a,b
0 0 0 0 0 —e,— A 0 0 0 0 0 0 0
0 0 0 0 0 0 —e;— A 0 0 0 0 0 0
0 0 0 0 0 o 0 = A 0 0 0 0 0
0 0 0 0 0 0 ®, 0 —pp — A 0 0 0 o [=0
0 0 0 e e 0 0 0 0 iy — A 0 0 0
—azbppAy  —abAy  —azbnypply, —aybnapin Ay
0 0 0 0 0 0 —lyy — A 0 0
AumAh AumAh AumAh AumAh Hm
asbpp Ay, azbn,
0 0 —_— 0 —_— 0 0 0 0 0 —Uy — A 0
UmAp Umn g
asbupAm asbnypn
0 0 0 0 —_— 0 —_— 0 0 0 0 0 —Um — A
#mAh #mAh Hn
Simplifying this determinant gives
5 a;azb?pu Ay,
(=tn = D*(B = €1 = D(=ey = D=5 = Dt = D) |(ez + D1t + 1) - ==
Hmp
2
aya4b Ay
[(e5 + D1ty + 1) === = 0
UmAn
2Sh=L=L=4==—lyl¢ =P —e,A; = —eylg = —e5,dg = i,
~(ez+um)- \j(ez*'um)z—‘l'(ezllm— ““"j”#) —~(ez+um)+ \j(ezﬂlm)z—‘l(ez - 219202
mip HmAp
Ao = 2 s A1 = 2 >
2 2
—(33+Um)—j(e3+um)2_4(e3 Hm— %7::/\’") _(53+Um)+\/(e3+l1m)2_4(e3 Wm— azaﬁii,f,’:/\m)
Alz = al’ld A 13 =

2 2

where, e, =w+ 68, +up e, =+86,+uy,e;3=¢c+ 6+ en . 2
! ¢ Hho €2 v T s ! Simplifying this gives zaia3b—”hAm <1
Un UmAn(e+8y+itn)
From these eigenvalues we can see that .. azash?uphm;,
A4, Az, A3, Ay A5, Ay Agy Aoy Ayo and Ay are all less than zero,  11enCe Rop <1 Similarly, |5 500etlis <1 and

So, the DFE will be stable if 46 < 0,44 < 0and 1,5 < Rof <1.S0,Ry < 1if Ry < 1,Ry, < 1and Ry < 1.

0.Then, 4g = B —e; = e;(Roy —1) <0 if Ry < 1. Finally, the DFE E|, of the co-infection of Plasmodium vivax,
—(e2+1m) (e2—mm)? | aiazbuphdm Plasmodium falciparum malaria and typhoid fever is locally
Next, h + <0. . . .
ext, we have \/ 4 wmAn asymptotically stable (LAS) if Ry < 1 and unstable if Ry > 1.
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6.4. Global Stability of the Disease Free Equilibrium Point
for the Full Model

Theorem-15: The disease free equilibrium point E of the
co-infection of malaria and typhoid fever is globally
asymptotically stable (GAS) if Ry < 1.

Proof: We define a Lyapunov function L: R — R, by
L(Sh' lt' R, Ihw Ihf: Cvt: Cft: Tvtr Tft: va' Smr Imvr mf) =
A(Sy = S+ Spin’ )+1t+ R+ Iy + Inp + Cop + Cp +
Ty + Tpe + Top + B (S — S + s,*nlni—’") + Loy + s

. dL
After some calculations, we get the value of il Ej as:

dL Siy? Si2
E: —[A (1—§> elSh +B(1 —S—> €6Sm]
m

dL -
Thus, i 0, for any positive constants A and B .

Furthermore, % = 0 at the DFE point E,. Hence, L is a

Lyapunov function. From this we conclude that the DFE E,
is the only singleton in the region. That is, the largest

Ins ) €
R13: % = 0} is reduced to the DFE E;. Therefore, the DFE
E, is globally asymptotically stable on Q if Ry < 1.

invariant set contained in £ = {(Sh,lt,R, .

6.5. Existence of Endemic Equilibrium Point for the Full
Model

To determine the endemic equilibrium point of the
dynamical system (1-13) we make the right hand side of the
dynamical system equal to zero and we solve for the state
variables in termof positive force of infections and other
parameters. Then, we obtained the endemic equilibrium point
E* = (5;: It, R", Iny, I;;f' ts Cft: vt'Tftr vf:S* Iy, mf)
where,

S = Ap % Ap At " wAp At
A+ Azf+ Af+up’ (a1 Apptaz /lhf+e1)(1hv+ Azf+ Af+up)’ uh(al Apptaz /lhf+e1)(1hv+ Azf+ Af+up)
I = Ap Ay _ Ap Ahf . _ Ap Ay AL y a;
W v A+ e) (At A+ Ai+un) o 0 A3 +ez) A+ A p+ Ap+un)’ ea( A+ Mgt Aptun) (v Aivez) (a1 Ap,taz A’,‘lf+e1) ’
cr = Ap ’1hf At y + a ) T* = P10n Apy At 14 *1
- * * * * * t — * * * * * *
ft es(lhv+ At /1;+uh) (v Af+es) (a1 Aptas Ahf+el) > uhe4(/1,w+ Apst lt‘th) (v Af+ez) (051 Aptaz Ahf+e1) ’
T — d2Ap A;If l; y ay ) T* = eAp A;w /1hf )
ft uhes(l}lﬁ Azf+ ,1’;+uh) (y Af+es) (a1 Apptaz A;‘lf+e1) > tvf uh( At A;‘lf+ A§+ph) (v /1’;+e2) (y Af+e3)”’
A Am A5 Am Ay .
Sy = m ey = momy I withe; = w + 6 e,=¢+46
m )y Imyp tome (At A2 f+Um) mf = 1 + t+l'lh7 2 + v +.u'ha

A+ A pitm

tm( Ayt ; f+um)

e3 =€+ 0 + Up, €4 = P1 + 016, + pp and es = Py + 0,67, + up.

After substituting appropriate values of one into the other
and simplifying expressions we get

holA1(Ah)? + Ay Apy, + A3] = 0,

where A;,A, and A; are constants. Since Aj, =0
corresponds to the DFE of the system, we consider the
second quadratic equation to determine the EE point of the
model given by

Case-1: A; > 0, 4, < 0, and A3
Case-2: A; < 0, 4, > 0, and A3

Ay ()% + Ay Ay, + A (29)

Thus, positive endemic equilibrium points E* are obtained
by solving for 43, from the quadratic equation (29). Then,
the number of possible real roots of this quadratic polynomial
depends on the signs of A;, A, and A;. Therefore, the co-
infection dynamical system will have an endemic equilibrium
point E* when:

- 4’A1A3 =0
- 4A1A3 = 0

Case-3:4; > 0,4, <0,and 43 = 0

Case-4: A; > 0,4, > 0, A2
Case-5: 4, < 0,4, > 0, A3

Finally, from the above cases we conclude that we can get
an endemic equilibrium point E™ in the first quadrant for the
full co-infection dynamics of typhoid fever and malaria
diseases.

6.6. Local Stability of Endemic Equilibrium Point

Theorem-16: The endemic equilibrium E* of the co-

- 4‘A1A3 > 0 al’ld

- 4’A1A3 > Az
- 4A1A3 > AZ

infection of malaria and typhoid fever model (1-13) is locally
asymptotically stable (LAS) if Ry > 1.

Proof: The Jacobian matrix of the dynamical system (1-13)
at the EE point E™ is given by:
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-D, -D, 0 0 0 0
D0 0 0 0
0 W —Un 0 0 0
s =Dy 0 =Dy 0 0
;f Dy 0 0 =Dy 0
0 D, 0 y A; 0 —e,
JE)=1 0 D3z 0 U 0
0 0 0 0 0 ¢
0 0 0 0 0 0
0 0 0 £ £ 0
0 0 0 —Diy —Dis —Dss
0 0 0 D, 0 Dy
0 0 0 0 D O
where, Dy = (A, + Ay + Af + my) =ﬂ5;;, Dy =2

alalb ay azb

It’D7=

a3b " * _azbniSm
D14 = Sma D15 = Sma D16 =——,Dyy
Np Np Np

17

0 0 0 0 0 —D;  —D,1
0 0 0 0 0 —-D¢ -—D,

0 0 0 0 0 0 0
0 0 0 0 0 D3 0
0 0 0 0 0 0 D,
0 0 0 0 0 Dg 0
—es 0 0 0 0 0 D,
0 —up 0 0 0 0 0
b, 0 —u, O 0 0 0
0 0 0 —uy 0 0 0
-Di; O 0 0 —Dig 0 0
0 0 0 0 Ay —Hm 0

D, 0 0 0 mf 0 “Hml

Si . Dy = 2285 Ds = Dy — (@ i + @3 Ay + 1) L Dg =

B vB
Its Dg = r Ihw Dy =y At +e3,D10 = Ihfa Dy, = (y At + €3), D1z = Dg + @3 Ay, D13 = Dyg + a3 /1hfa

b12Sm
= M’ Dig = (Aw + /1mf + Hm)

The characterlstlc equation of the Jacobian matrix at the EE point E* is

-D,—1 -D, 0 0 0 0 0 0 0 0 0 -D, -D,
A Ds—2 0 0 0 0 0 0 0 0 0 —D, -D,
0 w =y =2 0 0 0 0 0 0 0 0 0 0
. —Dy 0 —Dy—2 0 0 0 0 0 0 0 D, 0
Xy =D 0 0 ) 0 0 0 0 0 0 0 D,
0 Dy, 0 YA 0 —e,— 4 0 0 0 0 0 D, 0
0 Dy 0 0 YA 0 —es— 1 0 0 0 0 0 D, |=o0
0 0 0 0 0 b, 0 —pp— A 0 0 0 0 0
0 0 0 0 0 0 &, 0 —pp =2 0 0 0 0
0 0 0 € € 0 0 0 0 —y — A 0 0 0
0 0 0 D, -, -D,;,  —Dyy 0 0 0 —Djg—2 0 0
0 0 0 D, 0 D6 0 0 0 0 Koo —fhm — A 0
0 0 0 0 Ds 0 D, 0 0 0 P 0 -
After simplifying this determinant, we get:
(l+#h)4[lg+P12.8_P22.7+P316+P4AS+P52.4+P62.3+P7lz+P81_P9]=0
where P;,i = 1,...9 are constants. Thus, the roots of this polynomial are givenby: 1, =4, =13 =4, = —u, < 0or
19+P12.8_P22.7+P316+P4AS+PSA4+P62.3+P7AZ+P81_P9=0 (30)

Here in applying Routh-Hurwitz stability criterion for the
polynomial (30) of degree nine we proved that when Ry, > 1
all roots of the polynomial equation has negative real parts.
Therefore, the endemic equilibrium point E* is locally
asymptotically stable (LAS) if Ry > 1.

6.7. Global Stability of Endemic Equilibrium Point

Theorem-17: The endemic equilibrium E* of the co-
infection of malaria and typhoid fever model (1-13) is
globally asymptotically stable (GAS) if Ry > 1

Proof: We define a Lyapunov function L: R — R, by

L(Shllt' R, Ihw Ihf' Cvt' Cft' Tvtr Tft' varSmr Imvrlmf) =
* * S* * * I*
ACEK +shln$) + 1 (L= I +1¢ lni) +

2

*

dL

_t__Ul(l

- 5) (Ahw + Ang + A + ) Sn + I (1 - I—) (a1 dny + ao2ns + @ + 8¢ + )1 + 3 (1 - f) UnR
t

Js(R=R +R'In ) +Ja (Ino = Lo + TipIn "W) +
]5 (Ihf Ihf+1hfln )+]6 (Cvt_ vt+Cvtln vt) +
J7 (Ge = G+ Gl ft) +Ja (T = Ty + Tigln 52 4

(
Jo (Tft ) +J1o (va - T;f + ) +
)

T* vf

Try + Tftln

* * * Imv
Ju1 (Sm = Sy + Sl 5 + J12 (Inw = Iy + Lyl mv) +

]13 (Imf _1‘;;‘Lf+ fln f) ) Where ]1,]2,]3,...,]13 are
positive constants. Again after some calculations, we obtain
the value of % at the EE E™ as:
2 2

* *
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* 2

Lo Iif\* Cor\’
Ha(1=77) GAete+ 8+ mdly + Js(1- Iy (YAc+e+ 8+ )+ 61— o) @1+ 0180+ u)Cur
h vt

hv

i\
(1= ) (62 028 ) +1o (1 -
t

* (2

T* 2 T;t 2 T*f 2
vt v
) e +Jo (1——> uhTft+1m(1——> Ty
Tvt Tft va

* 2

S I L\
+]11 (1 - S‘m) (Amv + )lmf + .um)sm + ]12 (1 - I?m?) .umlmv +]13 (1 - Imf> .umlmf]
m mv

Thus, %S 0 for any positive values of

J1.J2,J3 -, J12 and J, 5. Furthermore, % = 0 at the EE point.

Hence, L is a Lyapunov function. From this we conclude that
E™ is the largest compact invariant singleton set in the region.
Therefore, the endemic equilibrium point E* is globally
asymptotically stable (GAS) in the invariant region if
Ry, > 1.

mf

7. Numerical Simulations

In this section we will present numerical simulations of
our models in order to illustrate our theoretical and
mathematical results which were previously established. The
simulations describe the dynamics of typhoid fever only, p.
vivax only and p. falciparum only separately based on
parameter values obtained from different sources.

Table 2. Typhoid fever and malaria model parameter values and their descriptions.

Parameters Descriptions Parameters Values Source
New recruitment rate into the susceptible human population Ay 0.05/day [18]
New recruitment rate into the susceptible mosquito population A 1000/day [19]
Natural death rate for human population Up 0.00004/day [21]
Natural death rate for mosquito population Wn 0.1429/day [18]
Typhoid fever disease- induced death rate &, 0.002/day [21]
The treatment rate of humans from typhoid fever. W 0.002485/day  [11]
The effective transmission rate of typhoid fever on contact B 0.01/day [19]
Plasmodium vivax disease- induced death rate 5, 0.068/day [17]
Plasmodium falciparum disease- induced death rate S 0.0019/day [21]
The transmission probability of human infection due to per bite of an infected mosquito with plasmodium vivax a, 0.8333/day [18]
Thevtransmission probability of human infection due to per bite of an infected mosquito with plasmodium o 0.15096/day [21]
falciparum
The tran§missi9n probability that a mosquito will become infected by biting an infected human with - 0.48/day [36]
plasmodium vivax
;['he' transmission probability that a mosquito will become infected by biting an infected human with p. a5 0.24/day [17]
alciparum
Per capita biting rate of mosquito b 0.29/day [17]
The rate of treatment for malaria 0.038 /day [21]

Next, to get a clear idea about the numerical analysis of the
co-infection of p. vivax, p. falciparum malaria and typhoid
fever we consider the following cases one by one as follows.

Case-1: If the basic reproduction number Ry <1 i.e.
Ros <1, Ry < 1and Ryr <1, then the co-infection of p.
vivax, p. falciparum malaria and typhoid fever dies out with
time and approaches the disease free equilibrium point E,,
when appropriate treatment is considered for the single
disease infected or the co-infected population.

Case-2: If the basic reproduction number R, > 1 i.e.
Ry >1, Ropy > 1 and Rop > 1, there is always a co-
existence of p. vivax, p. falciparum malaria and typhoid fever
no matter which of the reproduction numbers is greater.
Hereafter, we consider the case when R, > 1 for the co-
infection of the diseases.

Case-3: If Ry = Max{Ro;,Roy, Ros } = Ry and Ry, < 1,
then the co-infection of p. vivax, p. falciparum malaria and
typhoid fever dies out with time and it can’t be endemic
disease in the community for long period of time. But, if
Ry = Max{ROt,ROU, Rof} = Ry; and Ry > 1 and also the

others are less than unity, then the typhoid fever disease
persists in the population. That means if Ry; > 1, Ry, < 1
and Ry¢ < 1, the malaria disease dies out with time and the
typhoid fever disease continues to be endemic in the
community. This implies that the co-infection of malaria
and typhoid fever decreases in the community. On the other
hand, if Ry; > 1, Ry, > 1 and Ry > 1, the typhoid fever
disease enhances or aggravates the co-infection disease in
the community and we need to control it using different
treatment methods so as to reduce the co-infection
dynamics of the disease. Thus, the numerical analysis of the
typhoid fever disease under this situation will be discussed
as follow.

7.1. Estimation of Basic Reproduction Number R,

We computed Ry, = 2.20994475138 > 1 and the typhoid
fever disease spreads in the community.

7.1.1. Ry; Versus 8
From figure 2 we observe that if § < 0.004525, then Ry,
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increases but Ry, < 1 and the typhoid fever disease does not
spread in the community and hence, it dies out through time.
If f > 0.004525, then Ry, increases with Ry, > 1 and the
typhoid fever disease persists in the community.

Rzl
Ro:(B) = —L£

0.004525

1
|
|

0.004525

Figure 2. The graph of the reproduction number R, versus the effective
transmission rate 3 of typhoid fever on contact parameter keeping all other
parameters constant.

B

7.1.2. Ry; Versus w

ROt

0.01

Roe(®@) = =0 00202

0.00796 ()

Figure 3. The graph of the reproduction number Ry, versus the treatment
rate from typhoid fever w keeping all other parameters constant.

From figure 3 we see that if w < 0.00796, then Ry,
decreases but Ry, > 1 and the typhoid fever disease spreads
and persists in the community. If w > 0.00796, then R,
decreases with Ry <1 and the typhoid fever disease
treatment rate from typhoid fever is effective and it dies out
through time from the community.

Case-4: If Ry = Max{Ro;, Roy, Ros } = Rop and Ry, > 1
and also the others are less than unity (i.e. Ry < 1 and
Rof < 1), then the p. vivax disease persists in the population.
That means if Ry, >1, Ry <1 and Ro; <1, the P.
falciparum and the typhoid fever diseases die out with time
and the p. vivax disease continues to be endemic in the
community. This implies that the co-infection of p. vivax and
typhoid fever decreases in the community. Thus, the
numerical analysis of the p. vivax disease under this situation
will be discussed as follow.

7.2. Estimation of Basic Reproduction Number R,

We computed Ry, = 3.52530918626 > 1 and the p.
vivax disease spreads in the community.

7.2.1. Ry, Versus a,

Ry,

Rou(ay) = 3.86185997,/a;

0.06705126 a;

Figure 4. The graph of the reproduction number Ry, versus the transmission
probability a, of human infection by infected mosquito with plasmodium
vivax keeping all other parameters constant.

From figure 4 we see that if a; < 0.06705126, then Ry,
increases but Ry, < 1 and the transmission probability of
human infection by infected mosquito with plasmodium
vivax decreases and finally, it dies out from the community.
If a; > 0.06705126, then R, increases with Ry, > 1. That
means the transmission probability of human infection by
infected mosquito with plasmodium vivax increases and the
disease persists in the community.

7.2.2. Ry, Versus a;

From figure 5 we see that if a; < 0.03862307, then Ry,
increases but Ry, < 1. This implies that the transmission
probability that a mosquito will become infected by biting an
infected human with plasmodium vivax decreases and finally,
it dies out from the community. If a; > 0.03862307, then
Ry, increases with Ry, > 1. That means the transmission
probability that a mosquito will become infected by biting an
infected human with plasmodium vivax increases and the
disease persists in the community.

ROv

R,, (a;) = 5.08834554 /a,

i

1
0.03862307 a;

Figure 5. The graph of the reproduction number Ry, versus the transmission
probability a; that a mosquito will become infected by biting an infected
human with plasmodium vivax keeping all other parameters constant.
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7.2.3. Ry, Versus b

ROv

Ry, (b) = 12.15623857b

Roy=1

1
|
I

¥0.08226229 b

Figure 6. The graph of the reproduction number R, versus per capita biting
rate of mosquito b keeping all other parameters constant.

From figure 6 we see that if b < 0.08226229, then Ry,
increases but Ry, <1 and the per capita biting rate of
mosquito decreases and the disease dies out through time
from the community. If b > 0.08226229, then R, increases
with Ry, > 1. That means the per capita biting rate of
mosquito increases and the disease persists in the community.

7.2.4. Ry, Versus €

Roy

0.001345546176
Roy(e) =
0.00102102£+0.00006947

ROU=1

p——

1.24980527 £

Figure 7. The graph of the reproduction number R, versus the rate of
treatment for malaria € keeping all other parameters constant.

From figure 7 we see that if ¢ < 1.24980527, then Ry,
decreases but Ry, > 1. This implies that the malaria disease
caused by p. vivax spreads and persists in the community. If
€ > 1.24980527 , then the reproduction number R,
decreases with Ry, < 1. That means the treatment rate from
malaria disease caused by p. vivax is effective and it dies out
through time from the community.

Case-5: If Ry = Max{Ry, Royy Ros } = Roy and Ry > 1
and also the others are less than unity (i.e. Ry < 1 and
Rgy < 1), then the p. falciparum disease persists in the
population. That means if Ryr > 1, Ry, < 1 and Ry, < 1, the
P. vivax and the typhoid fever diseases die out with time and
the p. falciparum disease continues to be endemic in the
community. This implies that the co-infection of p.
falciparum and typhoid fever decreases in the community.
Thus, the numerical analysis of the p. falciparum disease
under this situation will be discussed as follow.

7.3. Estimation of Basic Reproduction Number R¢

We computed Ryy = 1.7287941991>1 and the
plasmodium falciparum disease spreads in the community.

7.3.1. Ry Versus a,

Rof

Ros(az) = 4.4495116995a;

R0f=1

i

0.05050976 &2

Figure 8. The graph of the reproduction number Ry versus the transmission
probability a, of human infection by infected mosquito with plasmodium
falciparum.

From figure 8 we see that if a, < 0.05050976, then Ryf
increases but Ry < 1 and the transmission probability of
human infection by infected mosquito with plasmodium
falciparum decreases and finally, it dies out from the
community. If a, > 0.05050976, then Ry increases with
Ryf > 1. That means the transmission probability of human
infection by infected mosquito with plasmodium falciparum
increases and the disease persists in the community.

7.3.2. Ry Versus a,

From figure 9 we see that if a, < 0.08030168, then R
increases but Ryr < 1 and the transmission probability that a
mosquito will become infected by biting an infected human
with plasmodium falciparum decreases and finally, it dies out
from the community. If a, > 0.08030168 , then Ry
increases with Ror > 1. That means the transmission
probability that a mosquito will become infected by biting an
infected human with plasmodium falciparum increases and
the disease persists in the community.

Ros

Rop(a,) = 3.52888638ya;

a1

[

0.08030168 ay

Figure 9. The graph of the reproduction number Ry versus the transmission
probability a, that a mosquito will become infected by biting an infected
human with p. falciparum keeping all other parameters constant.
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7.3.3. Ros Versus b

Ros(b) = 5.96135930b

Rof:].

0.16774698 b

Figure 10. The graph of the reproduction number Ry; versus per capita
biting rate of mosquito b keeping all other parameters constant.

From figure 10 we see that if b < 0.16774698, then R
increases but Ry < 1. This implies that the per capita biting
rate of mosquito decreases and the disease dies out through
time from the community. If b > 0.16774698, then Rf
increases with Ryr > 1 and the per capita biting rate of
mosquito increases and the disease persists in the community.

7.3.4. Ry Versus €

From figure 11 we see that if € < 0.11743159, then R
decreases but Ryy > 1. This implies that the malaria disease
caused by p. falciparum spreads and persists in the
community. If £ > 0.11743159, then R,; decreases with
Rof < 1. That means the treatment rate from malaria disease

caused by p. falciparum is effective and it dies out through
time from the community.

ROf
o 0.00012188
or'¥) = 15.00102102¢ + 0.00000198
\ Rof = 1
N
|
0.11743159 &

Figure 11. The graph of the reproduction number Ryy versus the rate of
treatment for malaria & keeping all other parameters constant.

8. Sensitivity Analysis

Next, we perform some sensitivity analysis to determine
the parameters that have great influence on the basic
reproduction number R, of our dynamics of disease
transmissions. We use the sensitivity analysis technique
given in [20] by the following definition.

Definition: The normalized forward sensitivity index of a
variable R, that depends differentially on a parameter p is

defined as: SI(p) = %X RL.
0

Thus, the most sensitive parameter is the one with the
highest magnitude as compared to the others. The larger the
magnitude of the number, the greater impact that parameter
has on R, and correspondingly, the smaller the magnitude,
the weaker  the impact on Ry Since
Ry=M ax{ROt, Roy, Rof }, we obtain the sensitivity analysis
of Ry Roy and Ryy separately with respect to each
parameter to decide the influential parameters on the co-
infection of p. vivax, p. falciparum and typhoid fever disease
as follow.

First let us consider the basic reproduction number R; of
typhoid fever.

_ORot B _ _ORp w _  —o
SIB) == o 1>0,5 ; (@) =3 R @35t <
R - Rot Un
0,51(8,) =2Roe b _ =% o gp(y,) = IRt bn _
 SIC t) 08¢ Rot ((‘)"’gt"'l‘-h) ’ ('uh) Oup Rot
_—h
(@+8c+aR)

Based on the data given on table 2 for typhoid fever
disease the sensitivity indices of R,; with respect to the four
parameters are computed and listed in the following table.

Table 3. The sensitivity index of Ry, with respect to the four parameters.

Parameters sensitivity index
B 1

w —0.54917127
S —0.38095238
W, —0.00883978

From the sensitivity index table, it is observed that the
effective transmission rate of typhoid fever on contact with
infected individuals £ is the most sensitive parameter. The
second sensitive parameter for typhoid fever transmission is
the treatment rate of humans from typhoid fever w.

Next let us consider the basic reproduction number R, of
plasmodium vivax.

SI(a) = 50 = 25 0,51(a;) = G2 = 2> 0,
SI(b) =282 2 — 150, 8I(uy) = Lovtn

(£+65)) db  Rop ke u,&u}i) Oun Rop _

oy > 0 SI(um) = 2% = —1.<0,S1(e) =
BT = Ty < 0510, = S =

Based on the data given on table 2 for p. vivax disease the
sensitivity indices of R, with respect to the seven
parameters are computed and listed in the following table.

Table 4. The sensitivity index of Ry, with respect to the seven parameters.

Parameters sensitivity index
a; 0.5

as 0.5

b 1

Wn 0.49981139

Wm -1

£ —0.17917767
d, —0.32063372
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From the sensitivity index table, it is observed that the per
capita biting rate of mosquito b is the most sensitive
parameter. The transmission probability of human infection
due to per bite of an infected mosquito with plasmodium
vivax a; and the transmission probability that a mosquito
will become infected by biting an infected human with
plasmodium vivax as are also the influential parameters in
malaria transmission dynamics.

Finally, let us consider the basic reproduction number R, ¢
of plasmodium falciparum.

ORof ay 1

_ORor @, _ 1 - 1

Si(ay) = 2a; Rop = >0,S5I(a,) = da; Roy = >0,
OR b OR

SI(b) = 6ZfR—0f =1>0,8(u) = WZ:_; =
(S+5f) _ aROfﬂ_m _ _
ers un) >0, SI(uy,) = T Roy 1<0,S8I(e) =

aROfL _ — _ 6R0fi _

de Rof - 2(€+5f+ﬂh) < O’ 51(6/') - an Rof -

2(£+6f+p.h) <

Based on the data given on table 2 for p. falciparum
disease the sensitivity indices of Ry with respect to the
seven parameters are computed and listed in the following
table.

Table 5. The sensitivity index of Ros with respect to the seven parameters.

Parameters sensitivity index
a, 0.5

a, 0.5

b 1

Wp 0.49949925

Wm -1

£ —0.47571357
Of —0.11266900

From the sensitivity index table, it is observed that the per
capita biting rate of mosquito b is the most sensitive
parameter. The transmission probability of human infection
due to per bite of an infected mosquito with plasmodium
falciparum a, and the transmission probability that a
mosquito will become infected by biting an infected human
with plasmodium falciparum a, are also the influential
parameters in malaria transmission dynamics.

9. Results and Discussions

In this study, we considered non-linear system of ordinary
differential equation to study the transmission dynamics of
the co-infection of p. vivax, p. falciparum malaria and
typhoid fever disease with treatment in a community. To get
clear idea about the real transmission dynamics of the co-
infection of p. vivax, p. falciparum malaria and typhoid fever
disease, we have investigated the basic reproduction numbers
of each disease in the numerical and sensitivity analysis of
the co-infection of p. vivax, p. falciparum and typhoid fever
disease separately. We used the Next Generation Matrix
Method to calculate the reproduction number R, for the co-
infection dynamics of p. vivax, p. falciparum and typhoid
fever disease. In doing so, we obtained the basic reproduction
number R, of the co-infection in terms of the dynamics of the

three basic reproduction numbers of the separate diseases
i.e. Rop, Roy and Ry that represent basic reproduction
numbers for typhoid fever, p. vivax, and p. falciparum
respectively. From this we conclude that the basic
reproduction number for the co-infection of p. vivax, p.
falciparum and typhoid fever disecase is
Ry = Max{ROt, Roy, Rog } We know that the reproduction
number R, of the system helps us to decide the number of
secondary infections that one infectious individual generates.
After computing the disease free equilibrium and the
endemic equilibrium points of the co-infection dynamics of
the system, we have checked the local and global stabilities
of the co-infection model using the Jacobian matrix method
for local stability and the Lyapunov function method for
global stability. Also, the full p. vivax and p. falciparum -
typhoid fever model has a locally asymptotically stable
disease-free equilibrium point when its basic reproduction
number is less than unity, and unstable if it exceeds unity.
The separate diseases disappear from the community
whenever the reproduction number R, is very small and less
than unity. On the other hand, the diseases co-exist whenever
their reproduction numbers exceed unity (regardless which of
the numbers is larger). That means the disease persists in the
community and we need to start treatment for the infected
people. Before we discuss the sensitivity analysis of the co-
infected dynamics of the model to determine the most
influential parameters of the system, we investigated the
sensitivity analysis on each parameters of the separate
diseases based on the standard data taken from different
journal sources. For this purpose we used the basic
reproduction numbers of the separate diseases obtained from
the basic reproduction number of the co-infection disease
model. We discussed and presented in detail the numerical
simulation results of the separate diseases based on the
standard data taken from different journal sources in the form
of graphics to support the dynamics of the co-infection
disease. Thus, based on these ideas we discussed each basic
reproduction numbers versus some of the corresponding
influential parameters of the diseases one by one as follows.

We obtained the basic reproduction number R, of the
typhoid fever infection from the co-infection model (sub-

B
w+8¢+up
the numerical value of the basic reproduction number based
on the standard data taken from different journal sources as
Rgr = 2.20994475138 > 1. This shows us that the disease
spreads in the population. From graph 2 we see that when
B > 0.004525, the reproduction number R, increases with
Ry > 1. That means the basic reproduction number R,
increases when the effective transmission rate of typhoid
fever on contact with infected individuals £ increases and the
disease persists in the community. On the other hand, in
figure 3 the reproduction number R, decreases with Ry, < 1
if w > 0.00796. That means the typhoid fever disease
treatment rate w is effective and the disease dies out through
time from the community.

Next, we computed the basic reproduction number R, of
the plasmodium vivax disease from the co-infection model

model) as Ry; = with four parameters. Also, we got
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ajazb2upA . .
(sub-model) as Ry, = [5i2—tA"M_yith nine parameters.
HmAn(e+8y+up)

The graph in figure 4 shows us that if a; > 0.06705126,
then the reproduction number R, increases with Ry, > 1.
That means if the transmission probability of human
infection by infected mosquito with plasmodium vivax a,
increases, the basic reproduction number R, increases and
the disease persists in the community. If a; < 0.06705126,
then the reproduction number R, increases with R, < 1
and the disease dies out from the community through time.
Thus, a, affects the reproduction number Ry,,. In figure 5 we
see that if a; > 0.03862307 then the reproduction number
Ry, increases with Ry, > 1. That means the transmission
probability that a mosquito will become infected by biting an
infected human with plasmodium vivax as; increases, the
basic reproduction number R, increases and the disease
persists in the community. If a; < 0.03862307, then the
reproduction number R, increases with Ry, <1 and the
disease dies out from the community through time. Thus, a;
affects the reproduction number R,,. From figure 6 we
observe that when the per capita biting rate of mosquito b
increases, the basic reproduction number R, also increases
and the disease persists in the community.

In figure 7 we see that the mosquito treatment rate &
influences the basic reproduction number Ry, . If &€ <
1.24980527, then the reproduction number R, decreases
with Ry, > 1. This implies that the malaria disease caused by
plasmodium vivax spreads and persists in the community. If
€ > 1.24980527 , then the reproduction number R,
decreases with Ry, < 1. That means the treatment rate &
from malaria disease caused by plasmodium vivax is
effective and it dies out through time from the community.

We also computed the basic reproduction number Ryf of
the plasmodium falciparum disease from the co-infection

, 2y A . .
model (sub-model) as Ry = % with nine

parameters. The graph in figure 8 shows us that if a, >
0.05050976, then the reproduction number Rs increases
with Ry > 1. That means if the transmission probability of
human infection by infected mosquito with plasmodium
falciparum a, increases, the basic reproduction number Ry
increases and the disease persists in the community. If
a, < 0.05050976 , then the reproduction number Ry¢
increases with Ry < 1 and the disease dies out from the
community through time. Thus, a, affects the reproduction
number Ryr. In figure 9 we see that if a, > 0.08030168,
then the reproduction number Ryf increases with Ry > 1.
That means the transmission probability that a mosquito will
become infected by biting an infected human with
plasmodium falciparum a, increases, the basic reproduction
number Ry, increases and the disease persists in the
community. If a, < 0.08030168, then the reproduction
number R increases with Ry < 1 and the disease dies out
from the community through time. Thus, a, affects the
reproduction number Ry;. From figure 10 we observe that
when the per capita biting rate of mosquito b increases, the
basic reproduction number R also increases and the disease

persists in the community.

In figure 11 we see that the mosquito treatment rate &€
influences the basic reproduction number Ry . If &<
0.11743159, then the reproduction number Ry, decreases
with Ry > 1. This implies that the malaria disease caused by
plasmodium falciparum spreads and persists in the
community. If € >0.11743159 , then the reproduction
number R, decreases with Ror <1 . That means the
treatment rate € from malaria disease caused by plasmodium
falciparum is effective and it dies out through time from the
community.

From table 3 of sensitivity index of typhoid fever disease
sub-model we see that the most sensitive parameters are the
effective transmission rate of typhoid fever on contact
parameter 8 and the treatment rate of humans from typhoid
fever w. Also, from tables 4 and 5 of sensitivity indices of
plasmodium vivax and plasmodium falciparum diseases sub-
models we observe that the most sensitive parameter is the
per capita biting rate of mosquito b as well as the
transmission probabilities of the malaria infection parameters
ai, a,, a; and a,. Thus, having analyzed the sensitivity of the
parameters for the three separate diseases that are typhoid
fever, plasmodium vivax and plasmodium falciparum, we
discussed in detail the sensitive parameters for the full p.
vivax, p. falciparum and typhoid fever co-infection disease
dynamics.

10. Conclusion

In this study, we presented and analyzed a non-linear
system of ordinary differential equation to study the
transmission dynamics of the co-infection of p. vivax, p.
falciparum and typhoid fever disease with treatment in a
community. That means we developed a mathematical model
in order to understand the p. vivax, p. falciparum malaria and
typhoid fever diseases co-infections to improve the
treatments and control of the diseases. We found the basic
reproduction number of the full co-infection model of p.
vivax, p. falciparum and typhoid fever diseases. When we
analyze the co-infection model, the disease free equilibrium
and the endemic equilibrium points are locally
asymptotically stable and globally asymptotically stable.

From the sensitivity analysis of the typhoid fever we
observed that the effective transmission rate of typhoid fever
on contact with infected individual parameter f§ is the most
sensitive (influential) parameter in changing the reproduction
number of the system and the transmission dynamics of
typhoid fever. Also, from the sensitivity analysis of the
malaria disease we see that the most sensitive parameter is
the per capita biting rate of mosquito b as well as the
transmission probabilities of the malaria infection parameters.

Based on the values of the reproduction numbers i.e.
Rye = 2.20994475138 , Ry, = 3.52530918626 and
Roy = 17287941991 that we computed using the standard

data obtained from different sources, we concluded that p.
vivax is more co-infected with typhoid fever than p.
falciparum co-infected with typhoid fever.

Thus, the results in this study show us that controlling the
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transmission means of the diseases and getting appropriate
treatment are very important to eradicate the diseases from the
community. Therefore, to reduce the reproduction number of the
dynamical system we have to focus on the influential parameters.
That means to eliminate the typhoid fever disease we must
reduce the contact rate with typhoid fever infectious
individuals in the community and also to reduce malaria
diseases we must protect the population from mosquito biting
using different methods.

11. Recommendation

In this study we have observed that the reproduction
number of the co-infection of p. vivax, p. falciparum and
typhoid fever disease is greater than unity. This implies that
typhoid fever and malaria diseases as well as the co-
infection of these disecases spread and persist in the
community. Thus, to reduce the spread of the diseases we
have to give attention for the sensitive parameters like the
effective transmission rate of typhoid fever on contact
parameter [3, the per capita biting rate of mosquito b and the
transmission probabilities of the malaria infection
parameters a,, a,, a; and a,.
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